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Flow Computations in Inlets at Incidence
Using a Shock Fitting Bicharacteristic Method
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An analysis is presented for calculating the flowfield in supersonic mixed-compression aircraft inlets operating
at angle of attack. The flowfield is computed by a steady three-dimensional bicharacteristic method. The bow
shock wave and the reflected internal shock wave system are computed by a three-dimensional, discrete shock
wave fitting procedure. Viscous and thermal diffusion may be included as source terms in the bicharacteristic
method. A production type of computer program capable of determining the flowfield in a variety of axisym-
metric mixed-compression supersonic inlets is available. The results of the present analysis agree well with those
produced by the two-dimensional method of characteristics when axisymmetric flowfields are computed. For
three-dimensional flowfields, the results of the present analysis agree well with experimental data except in
regions of high viscous interaction and boundary-layer removal. The present analysis does not compute the
boundary layer, nor does it account for boundary-layer bleed.

Nomenclature
a = speed of sound
c = velocity of divergence of Mach cone
Fe = source term in the energy equation
Fx,Fy,Fz - source terms in the x, y, and z component

momentum equations
ij,k =unit vectors in the x, yt and z directions,

respectively
/i = unit vector normal to a characteristic surface
nb = unit vector normal to a solid boundary surface
ns = unit vector normal to a shock wave surface
P - pressure
q = velocity magnitude
r = radial position
t = time
T - temperature
«, v, w = velocity components corresponding to x,y, z
x,y,z = Cartesian coordinates
a. = angle of attack
aifffi =unit vectors in the bicharacteristic parameter-

ization
6 bicharacteristic parameterization angle, or polar
p = density

Subscripts
i>j> k - Cartesian coordinate indices (1 -3)
x,y,z = partial differential with respect to x,y,z

Introduction

THE purpose of this investigation1 was to develop a
method for calculating the flowfield in a supersonic

mixed-compression inlet operating at angle of attack. A
typical mixed-compression inlet is illustrated in Fig. 1.
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Compression takes place both in the external flow about the
forebody and in the internal flow inside the annulus. Since the
freestream velocity is supersonic, a bow shock wave is
generated at the forebody tip. An internal shock wave
emanates from the cowl lip and makes a number of reflections
with the centerbody and cowl before terminating in the
divergence that is downstream of the geometric throat of the
annulus. The flow is subsonic downstream of that location.

The inlet illustrated in Fig. 1 is axisymmetric. At zero in-
cidence, the flowfield is axisymmetric and can be computed
using a two-dimensional method. At nonzero angle of attack,
cross flow develops, and computation of the flowfield
requires using a three-dimensional algorithm.

The equations of motion for steady three-dimensional
supersonic flow may be classified as a system of hyperbolic
quasilinear partial differential equations of first order. In the
present investigation, those equations are solved numerically
using the method of characteristics for steady three-
dimensional flow. The bow shock wave and the internal shock
wave system are computed using a three-dimensional discrete
shock wave fitting procedure. The influence of molecular
transport may be included in the computation by treating the
viscous and thermal diffusion terms in the governing partial
differential equations of motion as source terms in the
method of characteristics scheme. The primary intent in
including the effects of molecular transport is for the future
matching of the present analysis with a higher order, three-
dimensional boundary-layer analysis in a manner suggested
by Ferri and Dash.2 No attempt was made in the present
investigation to compute the boundary layer, or to account
for boundary-layer removal.

The shock fitting technique used in the present study divides
the computational regime into regions of continuous flow,
each region being bounded by solid boundary stream surfaces
and discontinuities. Independent interpolations are per-
formed on each side of a discontinuity with the difference in
flow properties between the upstream and downstream sides
of a given discontinuity being determined by the application
of the local Hugoniot relations. This approach differs from
the floating shock fitting technique originally suggested by
Richtmyer and Morton3 and later employed by Moretti4 and
Salas.5 In the floating shock fitting techniques, the com-
putational regime is treated as a single region in which the
mesh points are typically equally spaced. Discontinuities are
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Fig. 1 Mixed-compression inlet.

then allowed to float over the fixed grid with their location
and strength being determined by the governing equations.
Thereby, in floating shock fitting methods, discontinuities are
explicitly treated but do not, however, act as boundaries of
the flow.

Gasdynamic Model
The gasdynamic model is based upon the following

assumptions: steady flow, negligible body forces, a simple
system in thermodynamic equilibrium, and viscous and
thermal diffusion effects of secondary importance. The
governing equations for the assumed flow model consist of
the continuity equation, the component momentum
equations, the energy equation, the thermal and caloric
equations of state, and the appropriate representations for the
molecular transport properties.

A major assumption of the present investigation is that the
influence of molecular transport is considered to be of
secondary importance as compared to the inertial effects,
which are constituted by the convective terms and the pressure
gradient in the governing partial differential equations of
motion. As a consequence, the viscous and thermal diffusion
terms appearing in the governing equations are treated as
source terms in the method of characteristics scheme. In what
follows, the molecular transport terms are placed on the right-
hand sides of the respective governing equations, and the
convective terms and pressure gradient are placed on the left-
hand sides of those equations and are considered as con-
stituting the principal parts of those equations. The
characteristic surfaces of the flow are determined only by the
principal parts of the governing equations.

For steady three-dimensional flow, the equations of motion
are given by

(1)

(2)

(3)

pux +pvy + pwz + upx + vpy

puux+pvuy + pwuz +PX=FX

puvx +pvvy +pwvz +Py=Fy

puwx +pvwy +pwwz +PZ=FZ

uPx + vPy + wPz-a2 (upx + vpy =F

(4)

(5)

In Eqs. (2-5), the parameters Fx, Fyt and Fz denote the
viscous shear stress terms in the x, y, and z component Navier-
Stokes equations, respectively, and Fe denotes the molecular
transport terms in the energy equation. The term Fe is
composed of a thermal conduction function and a viscous
heat dissipation function. The detailed representations for Fx,
Fy, Fz, and Fe are given in Ref . 1 .

It is assumed that the working gas may be represented as a
simple system in thermodynamic equilibrium. Thus,
specification of any two independent thermodynamic
properties defines the thermodynamic state of the system. The

pressure P and the density p are considered as the primary
thermodynamic variables. The temperature T and the sonic
speed a are expressed in terms of the primary thermodynamic
variables P and p. The general functional forms of the
relations for rand a are given by

T=T(P,p)

a = a(P,p)

(6)

(7)

The dynamic viscosity and the thermal conductivity must be
expressed in terms of the primary thermodynamic variables P
and p. They are assumed to be functions of the temperature
only.

The contribution of turbulent transport may be considered
by adding the appropriate eddy viscosity and eddy thermal
conductivity functions to the molecular transport properties.

Characteristic Equations
Equations (1-5), with the left-hand sides constituting the

principal parts, may be classified as a system of quasilinear
nonhomogeneous partial differential equations of first order.
The system is hyperbolic if the flow is supersonic. Systems of
hyperbolic partial differential equations in three independent
variables have the property that there exist surfaces in three-
dimensional space on which linear combinations of the
original partial differential equations can be formed that
contain derivatives only in the surfaces themselves. These
special surfaces are called characteristic surfaces, and the
linear combinations of the original differential equations are
interior differential operators known as compatibility
relations.

For steady three-dimensional supersonic flow, two families
of characteristic surfaces exist. One family of characteristic
surfaces consists of the stream surfaces which are surfaces
composed of streamlines. A streamline may be represented by

dx/dt = u dy/dt = v dz/dt=w (8)

where t is the time of travel of a fluid particle along the
streamline. The compatibility relations that are applicable on
the stream surfaces are given by

dt

du dv

dt

dw dP

(9)

In Eqs. (9) and (10), the operator d( )/dt represents the
directional derivative along a streamline.

The second family of characteristic surfaces consists of the
wave surfaces. The envelope of all wave surfaces at a point
forms a conoid known as the Mach conoid. The Mach conoid
may be represented locally by a right circular cone known as
the Mach cone. The line of contact between a particular wave
surface and the Mach conoid is known as a bicharacteristic.
Thereby, a bicharacteristic is a generator of the Mach conoid.

D. S. Butler6 developed a parametric form for representing
a bicharacteristic and the wave surface compatibility relation
applicable along it. Butler's bicharacteristic parameterizatipn
is given by

(11)

where t is the time of travel of a fluid particle along the
streamline that is the axis of the Mach cone, 6 is a parametric
angle denoting a particular element of the Mach cone and has
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the range 0 < 0 < 2?r, and c is given by

C2=q2a2/(q2-a2) (12)

The vectors a, and 0, in Eq. (11) are parametric unit vectors
with a,, /3if and ui/q(i= 1,2,3) forming an orthonormal set.
The corresponding parametric form of the wave surface
compatibility relation is given by

at at

dX;
03)

In Eq. (13), the operator d( )/dt represents differentiation in
the bicharacteristic direction, and $ is given by

3>=(c2/a2)[Fe-a(nxFx (14)

where n= (nx,ny,nz) denotes the unit vector normal to the
wave surface, which may be written in parametric form as

ni=(a/c) (cui/q2-aicosB-^ismd) (15)

In addition to the above relations, Butler also developed a
noncharacteristic relation which is applicable along a
streamline. This noncharacteristic relation is given by

dP—— (16)

where the operator d( )/dt denotes differentiation along a
streamline, and a is given by

a=(c2/a2)Fe-(c2/q2)(uFx (17)

At any point in the flowfield there exist an infinite number
of stream surfaces and wave surfaces. The number of in-
dependent compatibility relations cannot exceed the number
of independent equations of motion. Consequently, it is
necessary to determine which of the possible combinations of
the compatibility relations form an independent set.
Rusanov,7 using a proof in the space of characteristic nor-
mals, has shown for steady three-dimensional isentropic flow
that two of the stream surface compatibility relations applied
along a stream surface and the single wave surface com-
patibility relation applied along three different wave surfaces
form an independent set of five characteristic relations.
Rusanov's results may be extended to the present case since
the principal parts of Eqs. (1-5) are the same as those for
isentropic flow.

Unit Processes

General Considerations
A variety of unit processes are employed in the com-

putation of the flowfield. The unit processes may be classified
into four major types: interior point, solid boundary point,
field-shock wave point, and solid body-shock wave point. The
basic interior point and solid boundary point schemes have
been employed in previous investigations by Ransom,
Hoffman, and Thompson8 and Cline and Hoffman.9 Those
algorithms, however, require modifications when used in the
internal flow computations when the solution point is in the
vicinity of a shock wave. The field-shock wave point and solid
body-shock wave point schemes were devised specifically for
this investigation.

In the overall numerical algorithm, an inverse marching
scheme is employed. The solution is obtained on space-like
planes of constant x, where the x axis is the longitudinal axis

of the centerbody and the cowl. For the internal flow, the
solution is also obtained on the space curves which are defined
by the intersections of the internal shock wave with the solid
boundaries. Except in the vicinity of a shock wave-solid
boundary intersection, the distance Ax between successive
solution planes is determined by the application of the
Courant-Friedrichs-Lewy (CFL) stability criterion. 10 In the
vicinity of a shock wave intersection with a solid boundary,
the axial distance between successive solution planes is chosen
so that the entire shock wave-solid boundary intersection falls
between two adjacent solution planes. The marching step Ax
is determined prior to the application of the unit processes.

Interior Point and Solid Boundary Point Unit Processes
The interior point scheme is an explicit predictor-corrector

algorithm, with the corrector generally being iterated to
convergence. The computational network used in determining
an interior point is illustrated in Fig. 2. Points 1-4 represent
the intersection points of four rearward-running bicharac-
teristics with the initial-value plane, point 5 is the streamline
intersection point with the initial-value plane, and point 6 is
the solution point.

The unit process is initiated by determining the location of
the solution point. The coordinates of point 6 are computed
by extending the streamline from point 5 to the solution plane
using the following finite-difference form of Eq. (8).

(18)

Interpolated flow property values at point 5 are used in the
integration, even though point 5 is a known field point. As
shown by Ransom, Hoffman, and Thompson,8 this in-
terpolation is required to produce a stable numerical scheme.
The interpolated flow property values are obtained from the
following quadratic bivariate interpolation polynomial

f(y,z) = dj 2 +a6z2 (19)

where f ( y , z ) denotes a general function of the coordinates y
and z, and the coefficients a/(/=l-6) are obtained from a
least squares fit of nine neighboring data points in the initial-
value plane.

With the location of the solution point determined, four
bicharacteristics are extended from the solution point back to
the initial-value plane to intersect this plane at points 1-4. The
coordinates of each of these intersection points are deter-
mined using the following finite-difference form of Eq. (1 1)

x [ o t i c o s e ( k ) + / 3 i s i n O ( k ) ] } [ t ( 6 ) - t ( k ) ]

(20)

INITIAL-VALUE
SURFACE

BICHARACTERISTICS
(0 = tr/2,y)

<&
SOLUTION POINT (6)

BICHARACTERISTICS

STREAMLINE

Fig. 2 Interior point computational network.



1498 VADYAK, HOFFMAN, AND BISHOP AIAA JOURNAL

The index k in Eq. (20) denotes the bicharacteristic-initial-
value plane intersection point illustrated in Fig. 2 and has a
range of 1-4, corresponding to the Q(k) values of 0, Tr/2, TT,
and 37T/2, respectively. The flow property values at points 1-4
are obtained by interpolation using Eq. (19).

Once the positions of and the flow properties at points 1-5
have been determined, the system of nonlinear compatibility
equations, written in finite-difference form, is solved to
obtain the five flow properties w(6), y(6), w(6), P(6), and p(6).
Two of the five required compatibility equations are given by
Eqs. (9) and (10). These equations are written in finite-
difference form by replacing the derivatives with simple
differences, and by replacing the coefficients of the
derivatives with the arithmetic average of the coefficients at
the solution point and at the appropriate point in the initial-
value plane. To obtain the remaining three required com-
patibility equations, appropriate linear combinations of the
wave surface compatibility relation [Eq. (13)], applied along
each of the four bicharacteristics, and the noncharacteristic
relation [Eq. (16)], applied along the streamline, are formed.
One independent linear combination of the compatibility
equations is obtained by subtracting the finite-difference form
of Eq. (13) evaluated for 6 = IT from the finite-difference form
of Eq. (13) evaluated for 0 = 0. Another independent linear
combination is obtained by subtracting the finite-difference
form of Eq. (13) evaluated for 0 = 37r/2 from the finite-
difference form of Eq. (13) evaluated for 0 = 7r/2. The final
independent linear combination is obtained by subtracting the
finite-difference form of the noncharacteristic relation [Eq.
(16)] from the sum of the finite-difference forms of Eq. (13)
evaluated for 0 = 0 and 0 = 7r/2. The resulting compatibility
equations do not contain cross derivatives at the solution
point [i.e., all terms containing dUi/dXj(6) are eliminated].
These five finite-difference equations are solved using Gauss
elimination to obtain the five dependent flow properties at the
solution point. For the predictor, the flow property values at
the solution point appearing in the coefficients of the
derivatives in the set of difference equations are equated to
those at point 5. For the corrector, the flow property values at
point 6 obtained on the previous iteration are used. The
resulting scheme has second-order accuracy8 and does not
violate the domain of dependence at the solution point.

The unit process to obtain the solution at a solid boundary
point is almost identical to the interior point unit process.
Here, however, both points 5 and 6 are constrained to lie on
the solid boundary. Moreover, point 4 corresponding to the
bicharacteristic with 0 = 3?r/2 is not inside the flowfield so the
corresponding compatibility relation is not employed. That
equation is replaced by the flow tangency condition

ui(6)nbi(6)=0 (21)

where nbi(6) (/= 1,2,3) is the unit normal to the solid boun-
dary at point 6.

Bow Shock Wave Point Unit Process
The bow shock wave point scheme is a predictor-corrector

algorithm, with the corrector being generally iterated to
convergence. Unlike the interior or solid boundary point unit
processes, achievement of second-order accuracy in this
scheme requires the use of field point data in the solution
plane. Consequently, a global iteration process must be used.

Figure 3 depicts the bow shock wave point computational
network. The intersection of the shock wave with the initial-
value plane and the solution plane defines curves A and B,
respectively. The solution point, at which the upstream
properties are known, is denoted by point 2. A rearward-
running bicharacteristic is extended from point 2 to the initial-
value plane, intersecting this plane at point 1. Point 3 is an
adjacent interior point used to define the meridional plane of
point 2. Point 4 is the intersection of curve A with the
meridional plane of point 2.

SPACE CURVE (B)

SOLUTION SURFACE

SOLUTION POINT

[MERIDIONAL PLANE!
|_IS (X'.Y1)-PLANE J

INITIAL-
VALUE
SURFACE h.

Fig. 3 Bow shock wave point computational network.

UPSTREAM SIDE

DOWNSTREAM SIDE

^TRANSVERSE PLANE

Fig. 4 Shock wave surface unit vectors.

A local Cartesian coordinate system (x',y',z') is used to
describe the orientation of the shock wave surface. The
coordinate x' is coincident with the x axis, y' is in the radial
direction through point 2, and z' is normal to the (x',yr)
plane. As shown in Fig. 4, the local shock wave surface
orientation at a point P is described by the set of three unit
vectors: nst t, and t. The vector ns is normal to the shock wave
surface at point P. The vector t is tangent to the shock wave at
point P, lies in the meridional plane of that point, and sub-
tends an angle 0 with the x' axis. The vector £is tangent to the
shock wave at point P, lies in the transverse plane, and
subtends an angle a with the zf axis. Expressions for the three
unit vectors are given by

f=cos0/'

ns=txt/ I f x r l

(22)

(23)

(24)

The shock wave point unit process is initiated by locating
the solution point. The solution point is arbitrarily selected to
lie in the meridional plane of point 3. The radial position of
the solution point is obtained from

r(2) =r(4) + [x(2) - M [0(2) (25)

where on the initial application of this equation, 0(2) is
equated to 0(4). At point 4, r(4) and 0(4) are determined by
interpolation using quadratic polynomials written in terms of
the polar angle 0 = tan ~7 (z/y) .

At this stage, the shock wave normal unit vector ns at the
solution point is found by using Eq. (24). The tangential unit
vectors t and £are obtained by use of the current values of 0(2)
and a(2) in Eqs. (22) and (23), respectively. The value of a(2)
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is determined from

,<*<2)=tan
9(2)

(26)

where, for the predictor, the analytical form of r(B) used in
this equation is obtained by curve-fitting points along curve
A, whereas, for the global corrector, r(0) is obtained by
curve-fitting points along curve B.

The local Hugoniot relations are then applied at point 2 to
obtain the downstream flow properties w(2), y(2), w>(2), P(2),
and p(2). Next, a rearward-running bicharacteristic is ex-
tended from the solution point back to the initial-value plane,
intersecting this plane at point 1. The coordinates of point 1
are obtained using a finite-difference form of Eq. (11)
evaluated for the parametric angle of 0 = 7r/2. The flow
properties at point 1 are obtained by interpolation using Eq.
(19).

At this stage, the wave surface compatibility equation
corresponding to the parametric angle 0 = 7r/2 is applied
between points 1 and 2. The appropriate equation is obtained
by writing Eq. (13) evaluated for 0 = 7r/2 in finite-difference
form and solving for the pressure at point 2. Denote this
pressure as P*(2). The resulting equation contains cross
derivatives (terms containing duf/dXj which represent dif-
ferentiation in the wave surface but normal to the
bicharacteristic direction) at both points 1 and 2. For the
predictor, the cross derivatives at point 2 are equated to those
at point 1. For the global corrector, the cross derivatives at
point 2 are evaluated at that point by analytically dif-
ferentiating interpolation polynomials fit in the solution
plane.

The pressure P(2) is calculated from the local Hugoniot
equations, whereas the pressure P*(2) is calculated from the
wave surface compatibility relation. The difference between
P(2) and P*(2) is driven to within a specified tolerance of zero
using the secant method with iteration being performed on the
shock wave angle </>(2).

The shock wave point unit process is first applied as a
predictor for each shock wave solution point. In this ap-
plication, the value of a used in Eq. (23) is obtained by curve-
fitting points along curve A, and the cross derivatives at point
2 are equated to those at point 1. After a predicted solution
has been obtained at each shock wave point, a number of
ensuing global corrections are performed. Here, the value of
a used in Eq. (23) is based upon data along curve B, and the
cross-derivative terms at the solution point are evaluated at
that point. The resulting algorithm has second-order accuracy
when the global correction is performed. The global iteration
is terminated when successive values of a have converged at
each of the shock wave solution points.

Solid Body-Shock Wave Point Unit Process
This unit process is used to obtain the flow properties

downstream of the shock wave at a point where the shock

MERIDIONAL PLANE

SPACE CURVE (B)

SHOCK WAVE

SOLID
BOUNDARY

SPACE CURVE (A)

Fig. 5 Solid body-shock wave point computational network.

wave intersects a solid boundary. The computational network
used in this scheme is depicted in Fig. 5 where a typical
solution point is denoted by point P. The intersections of the
shock wave with the solid boundary and the meridional plane
passing through point P define space curves A and B,
respectively. The unit vectors tangent to space curves A and B
at point P are denoted by t and t, respectively. The unit
vectors normal to the shock wave and the solid boundary at
point P are denoted by ns and nb, respectively.

As for the bow shock wave point unit process, the vectors £
t, and ns are referenced to the local coordinate system
(xf,y',z'), where x', y', and z' have the same definitions as
noted before. The tangential unit vector t again lies in the
meridional plane and is defined by Eq. (22). The tangential
unit vector £ along curve A is defined by

ds ds ds (27)

where ds denotes the differential arc length along space curve
A.

The solid body-shock wave point unit process is initiated by
determining the unit vectors nb and t. An assumption is then
made for the angle </> in Eq. (22), and the unit vector ns is
computed using Eq. (24). The local Hugoniot relations are
then applied to obtain the downstream flow properties at
point P. The velocity normal to the wall and downstream of
the shock wave is then computed and relaxed to within a
specified tolerance of zero by varying the shock wave angle <t>
using the secant iteration method.

Internal Flow Unit Processes
During the computation of the internal flow, the interior

point and the solid boundary point unit processes must oc-
casionally be applied in modified forms. Figure 6 depicts a
case in which the interior point scheme must be applied in
such a form. Here the solution point Mach cone intersects not
only the initial-value plane but also the solid boundary and
the downstream side of the internal shock wave. The
bicharacteristic intersections with the initial-value plane are
computed in the conventional manner. The bicharacteristic
intersections with the solid boundary and the shock wave are
found by an iterative technique. The solid boundary is
represented as a polynomial function of the axial coordinate
x. The local shock wave surface is represented as an infinite
family of straight lines between two space curves, one curve
being on the current initial-value plane or solid boundary and
the other being on the current solution plane or solid boun-
dary. The shock wave surface is represented by the linear

r-EXTRAPOLATION OF
\ INITIAL-VALUE SURFACE

Fig. 6 Shock-modified interior point computational network.
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interpolation formula

(X — X2) (X — X j )
r(X'9) = (x x \ r> + ix x 1 '2

(Xj —X2) (X2 —X] )
(28)

where r(x,6) is the shock wave radius at the axial position x
and the polar angle 0 = tan~7 (z/y), xl and r7 are the axial
and radial positions, respectively, of the shock wave on space
curve 1 at the polar angle 0, andx2 and r2 are the axial and
radial positions, respectively, of the shock wave on space
curve 2 at the polar angle 6. Quadratic curve fits in terms of 6
are used to represent rlt r2, xlt and x2. Flow property values
on the shock wave or on the stream surface formed by the
solid boundary are found by interpolation using a quadratic
trivariate polynomial of the form

f(x,y,z) = dj 2 +a6z2 +a7xy + a8xz

(29)

where the coefficients af (/=l-8) are determined by a least
squares fit of N(N> 8) points on either the shock wave or the
solid boundary.

The unit process employed to compute the solution at a
shock wave point in the internal flowfield is similar to the bow
shock wave point unit process. In the internal flow shock
scheme, however, the flow properties upstream of the shock
wave at the solution point are determined by the application
of a modified interior point unit process. Modifications to the
internal flow shock wave point unit process are made when a
shock wave solution point lies on or close to a solid boundary.

Shock Wave-Solid Boundary Reflections
At angle of attack, the intersection of the internal shock

wave with a solid boundary forms a three-dimensional space
curve. On this curve, the flow properties on the upstream and
downstream sides of the incident shock wave are determined
by a simultaneous solution procedure using the solid boun-
dary point and shock wave point unit processes. The flow
properties on the downstream side of the reflected shock wave
are found using the solid boundary-shock wave point unit
process. The flow properties downstream of the incident
shock wave constitute the upstream flow properties for the
reflected shock wave.

Overall Numerical Algorithm
The external flow about the forebody is computed first. The

external flowfield integration requires the periodic addition of
streamlines in order to retain a well-dispersed computational
mesh. Furthermore, periodic deletion of selected streamlines
is required so that the number of computational points lies
within specified bounds.

The internal flowfield can be computed with or without the
discrete fitting of the internal shock wave system. The option
in which shock waves are not discretely fitted may be used in
cases in which the internal shock waves are quite weak in
strength, and thereby an acceptable solution can be obtained
by smearing the internal discontinuities.

Initial Data and Boundary Conditions
The initial data are specified on a plane of constant x. The

flow must be supersonic at each point on this plane. Many
supersonic mixed-compression inlets employ a centerbody
whose initial contour is conical. The initial data for the flow
about a circular cone at incidence may be obtained by em-
ploying the results of Jones.n

The computer program developed in the present study
accepts axisymmetric centerbody and cowl contours. The
body radius may be described either by tabular input or
through the use of cubic splines. More arbitrary geometries

can be readily incorporated into the program by replacement
of the existing geometry module.

Integration Step Size Regulation
Except in the vicinity of an intersection of the internal

shock wave with a solid boundary, the axial marching step
between successive solution planes is determined by the ap-
plication of the Courant-Friedrichs-Lewy (CFL) stability
criterion.10 The CFL stability criterion mandates that the
domain of dependence of the differential equations be
contained within the convex hull of the finite-difference
network. That is, the Mach cone must be inside the outer
periphery of the nine initial-value plane field points used in
formulating the bivariate interpolation polynomial [Eq.
(19)].

In the vicinity of an intersection of the internal shock wave
with a solid boundary, the axial step is controlled by the
constraint that the shock wave-solid body intersection is
contained entirely between two adjacent solution planes. The
fit point stencils used in formulating the various interpolation
polynomials are appropriately expanded in this case, so that
the CFL stability criterion is satisfied.

Numerical Stability
A stability analysis of the nonlinear finite-difference

equations for steady three-dimensional flow accounting for
discrete shock wave fitting and molecular transport was not
attempted. Instead, a stability analysis of the method of
characteristics for steady three-dimensional isentropic flow
was conducted. Stability of the generalized analysis was then
verified by actual numerical calculations.

Ransom, Hoffman, and Thompson8 conducted a von
Neumann linear stability analysis of the basic interior point
scheme. That analysis indicated that interpolated flow
properties, instead of the actual values, should be used at the
streamline-initial-value plane intersection point (point 5 in
Fig. 2). The present analysis uses interpolated flow properties
at all points in the initial-value plane.

Numerical Results
Some internal flow results are .now presented to illustrate

the capabilities of the computer program. Internal flow
calculations were performed for the Boeing Mach 3.5
supersonic mixed-compression inlet described by Syberg and
Hickcox.12 This inlet has a forebody which is conical.
Consequently, all of the numerical solutions were started at
the cowl lip axial station. The required initial data were
obtained by employing the results of Jones.11 The assumed
thermodynamic model was that of a thermally and calorically
perfect gas.

Extensive boundary-layer removal is employed in this inlet
to control boundary-layer separation in regions of strong
adverse pressure gradients such as those caused by oblique
shock wave-boundary-layer interactions. Since the present
analysis does not compute the boundary layer nor takes
account of boundary-layer bleed, good agreement between
computed and experimental results cannot be expected in
regions of high viscous interaction. For this inlet, 13.3% of
the cowl lip mass flow rate was removed through boundary-
layer bleed at the design point condition to control boundary-
layer separation.12

Figure 7 presents the pressure ratio P/PT^
(static/freestream stagnation) vs the distance ratio x/Rc (axial
position/cowl lip radius) for the design point condition of M^
= 3.5, zero centerbody translation, and zero angle of attack
(a = 0 deg) for three cases: 1) the two-dimensional method of
characteristics program of Anderson et al.13 with 50 radial
points across the annulus, 2) the present method with 11
radial points, and 3) the present method with 21 radial points.
For the case with 11 radial stations, good overall agreement is
observed. A slight smearing downstream of the second in-
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-2-D MOC (50 RADIAL POINTS)
-3-D MOC (II RADIAL POINTS)
- 3-D MOC (21 RADIAL POINTS)
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Fig. 7 Comparison of two- and three-dimensional method of
characteristics results for design point.
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Fig. 8
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3.0 4.0 5.0

Comparison of computed results with experiment for design
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Fig. 9 Comparison of computed results with experiment for off-
design case 1.

tersection of the shock wave with the centerbody and a
shifting of the locations of the shock wave-solid boundary
intersections are present. For the case with 21 radial stations,
the agreement is excellent. The only differences are in the
regions enclosed by the circles. Comparisons of numerical
results with experimental data are shown in Fig. 8. Generally
speaking, good agreement is observed with the best agreement
being obtained away from the regions of boundary-layer
removal.

For off-design operation, the centerbody must be translated
forward as the angle of attack is increased or as the freestream
Mach number is reduced to maintain supersonic flow through
the geometric throat of the annulus. In the following
discussion, the nondimensional centerbody translation is
denoted by Ax/Rc.

r- .2

,?*
.1-

•4 3-D MOC DATA

LEEWARD MERIDIAN ——————

.3 WINDWARD MERIDIAN —————— \

3.5 4.0 4.5

Fig. 10 Comparison of computed results with experiment for off-
design case 2.

3-D MOC 3-D SC

LEEWARD MERIDIAN
WINDWARD MERIDIAN ————-

3.2 3.5 4.0 5.0
X/RC

Fig. 11 Comparison of method of characteristics with shock cap-
turing scheme for off-design case 2.

Numerical results were obtained for two off-design con-
ditions: 1) M00=2.5 with a centerbody translation
Ax/Rc = 0.855, and 2) Mw = 3.3 with Ax/Rc = 0.356, both for
a = 3.0 deg. For all of the computations, 21 circumferential
stations and 11 radial stations were employed in the computed
sector. Figure 9 presents the results for off-design case 1 for
a = 3.0 deg. Generally speaking, good overall agreement
between theory and experiment is obtained except in regions
of high viscous interaction and boundary-layer bleed. For this
case, the maximum deviation in mass flow rate at any solution
plane from the initial mass flow rate is 0.44%. The case
illustrated in Fig. 9 required 46 solution planes and ap-
proximately 22 min of CPU time on a CDC-6500 computer.
This yields a computation rate of about 8 points/s on this
machine.

Figure 10 presents the results for off-design case 2 for
a = 3.0 deg. Fairly good overall agreement between the
analysis and experiment is obtained until regions of high
viscous interaction and boundary-layer removal are reached.
For this case, the maximum deviation of the mass flow rate at
any solution plane is 0.67%.

The present method was compared to the shock-capturing
method developed by Presley.14 That method employs the
second-order accurate MacCormack finite-difference
operator.15 Figure 11 compares the pressure distributions
given by the method of characteristics scheme to those given
by the shock-capturing technique for the case of Mx =3.3,
a = 3.0 deg, and Ax/Rc = 0.356. The shock-capturing
algorithm employed 11 circumferential stations and 21 radial
stations. For the most part, good agreement between the two
analyses is obtained. In the method of characteristics
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solution, however, the shock wave-solid boundary in-
tersections are more sharply defined. This effect is to be
expected, since in the shock-capturing technique shock waves
are not discretely fitted but rather are smeared over a number
of mesh points.

Conclusions
A number of conclusions concerning the present analysis

can be made:
1) For axisymmetric flows, the solution obtained by the

present analysis agrees well with the solution obtained by the
two-dimensional method of characteristics.

2) Except in the regions of strong viscous interaction and
boundary-layer removal, the results of the present analysis
agree well with experimental data.

3) Good agreement is obtained between the present analysis
and a finite-difference shock-capturing technique for three-
dimensional flow solutions. However, the present analysis,
which discretely fits shock waves, provides a better resolution
of the shock wave structure.
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